The genetic variability of a population is an important quantity and can be measured in different ways. The extent to which a population can adapt to a changing environment is determined by the population's genetic variation (Brown et al. 1989) . One way to measure this variability is by studying polymorphisms of genetic markers. The degree of polymorphism in a population can be measured by determining the proportion of individuals heterozygous for a marker and can be averaged over several loci to obtain the heterozygosity of the population. Another measure of polymorphism is Nei's proportion of informative families (Nei 1979) . The same measure was introduced as a polymorphism information content value (Botstein et al. 1980) , which was defined for a codominant marker used in a linkage study of families that had a rare dominant disease and had one heterozygous parent. Guo and Elston (1999) have shown that this measure is relevant, regardless of the mode of disease inheritance.
These measures of variation are suitable for randommating populations, but for inbred populations, such as some plant and animal populations, in which variation is due to the presence of different homozygotes, gene diversity (Nei 1973 ) is a more appropriate measure of variation (Weir 1996) . The genetic diversity within a population is the variety of subpopulations that comprise it. Mean and variance of an unbiased estimator of gene diversity in random-mating populations is known (Nei 1987; Nei and Roychoudhury 1974) . The two measures of variability, heterozygosity and gene diversity, are the same for random-mating populations but can be significantly different in inbred populations. For example, in inbred populations there may be very few heterozygotes but several different homozygotes. Efficient methods of estimating gene diversity in populations are of vital importance to evolutionary biologists. Sample gene diversity is a maximum likelihood estimator (MLE), but it is biased. In this communication I derive the uniformly minimum variance unbiased estimator (UMVUE) of gene diversity. I also provide the approximate within-population variance of this estimator. This approximation is based on Fisher's delta method. Because the delta method ignores terms that are significant in the computation of variance of the estimators and depends on knowledge about inbreeding coefficient, I have developed a parametric bootstrap sampling-based method to obtain the variances and confidence intervals for the gene diversity estimators. The bootstrap estimator of variance and confidence interval does not require knowledge of inbreeding coefficient. From the simulation results, I conclude that the UMVUE is a more accurate estimator of gene diversity than the MLE and that the MLE usually underestimates gene diversity. I applied this method to the three esterase loci of Barley Composite Cross V (Weir et al. 1972 ).
Materials and Methods
Consider an inbred population with m loci. Let p lu be the frequency of the uth allele at the lth locus; then the gene diversity for the lth locus is defined as
and the average gene diversity over m loci is
Let P uv be the population frequency of the genotype A u A v at the lth locus; then we can write P uv in terms of allele frequencies as follows: P uu ¼ p lu 2 þ p lu (1 À p lu )f, and for u " v, P uv ¼ 2p lu p lv ð1 À f Þ, where f is the within-population inbreeding coefficient, which measures the extent to which the genotypic frequencies depart from the expected frequencies under Hardy-Weinberg equilibrium. When f ¼ 0 the genotypes are in Hardy-Weinberg equilibrium, and for completely selfing species f ¼ 1.
Maximum Likelihood Estimation
Consider a sample of N diploid individuals (2N alleles). Let N uv be the number of individuals with the genotype A u A v at the lth locus in this sample. We can then model the observed counts N uv as a multinomial distribution and obtain MLE of
and
Hence, the MLE is a biased estimator (Weir 1996) . The MLE of D in (2) is obtained by replacing D l with its MLED D l , which is also biased:
Weir (1989) used Fisher's delta method to obtain the variances of these estimators, as follows:
where f l is the inbreeding coefficient (association between alleles) at locus l and D lu, l9v is the association between alleles at different loci. Equation (5) is identical to the formula for variance given in Nei (1987) when the inbreeding coefficient is zero.
Uniformly Minimum Variance Unbiased Estimation
Here I propose a new estimator of gene diversity and show that it is UMVUE of gene diversity. Consider
Then, from E(D D l ) and the equation above, we can write
] is the unbiased estimator of gene diversity D l at the locus l. This can be rewritten as
Also note that the vector of counts N uv is a complete, sufficient statistic for the multinomial family of distributions (see Lehmann and Casella 1998, example 5.3 and theorem 6.22) . BecauseD D l is a function of a complete, sufficient statistic and is unbiased, it follows from the Rao-BlackwellLehmann-Scheffé theorem thatD D l is the unique UMVUE of D l (see Casella and Berger 1990, theorem 7.3.5) . The estimator in (7) is N=(N À 1) times the denominator of the estimator of the inbreeding coefficient given in Weir (1996, equation 2.28) . The UMVUE of D in (2) is obtained by replacing D l with its UMVUED D l :
Approximate variance of the UMVUE is given in the Appendix. Approximate variances of these estimators (MLE, as well as UMVUE) based on Fisher's method ignore terms of order N À2 , which are significant. For example, when a locus has equifrequent alleles, the estimated variances are zero. In addition, to calculate these variances we need to know the inbreeding coefficient, which is in general not known and has to be estimated from data. If this is done, the variance of gene diversity is substantially inflated, because the variance of the estimator of f l is known to be very large. So, I propose using a numerical resampling-based method, parametric bootstrapping (Efron and Tibshirani 1993) , to obtain estimates of variances of both MLE and UMVUE. I also provide bootstrap confidence intervals. The variance and confidence intervals obtained with the bootstrap method proposed below do not assume knowledge of the inbreeding coefficient. The bootstrap variances and confidence intervals were obtained by the following steps:
1. Basing them on the observed counts Nuv, I first obtained estimates of P uv . I then calculatedD D l andD D l as given in (3) and (7), respectively. 2. Next, I took a sample of size N from a multinomial distribution with frequenciesP P uv ; calculated bootstrap estimates of gene diversity, based on the MLE and UMVUE estimation procedures; and denoted the bootstrap estimates based on this sampleD D bs andD D bs , respectively. 3. I then repeated step 2 for B bootstrap samples. 
5. Then, I letD D [i] andD D [i] be the ith ordered bootstrap estimates. Then the 100
, based on UMVUE.
Simulation Results and Discussion
I performed simulations to study the performance of UMVUE developed in this report and MLE. I assumed an inbreeding coefficient ( f ) of 0.2 and considered two to seven equifrequent alleles. I used a sample size N of 100 and considered 1,000 bootstrap samples. The quantities reported in Table 1 are based on averages of 500 replicate samples. The results presented in Table 1 suggest that the UMVUE proposed here was more accurate than the MLE, which is a biased estimator. Overall, the MLE underestimated the gene diversity. The estimates of standard deviations were the same up to the fourth decimal place for both the UMVUE and MLE. Also, the 95% bootstrap confidence intervals based onD D l do not contain the true diversities, whereas the 95% bootstrap confidence intervals based onD D l do. Alternatively, one could use the symmetric confidence intervals based on asymptotic normal theory. I also performed the simulation for the extreme case of complete selfing ( f ¼ 1) and found that in this case also the MLE underestimated the true value and that the bootstrap intervals based on MLE did not contain the true gene diversity value, whereas bootstrap intervals based on UMVUE do (data not shown). I applied the method developed here to three esterase loci, A, B, and C of Barley Composite Cross V (Weir et al. 1972) . The data were reported in Weir (1996, Table 4 .2). Weir et al. (1972) In conclusion, different populations have different genetic diversities, which have a significant effect on the risk of extinction of species. Endangered species typically have low genetic diversity and hence lower fitness for survival. Because genetic diversity is important, it is important to have accurate methods of estimating it. In this communication I have proposed the UMVUE of gene diversity, which is more accurate than the MLE and hence should be the method used in estimating gene diversity. The difference between the MLE and the UMVUE is not necessarily great, and, in fact, with large sample sizes, will be very small, but the UMVUE is quite clearly preferred. I also have provided an explicit formula for calculating the variance of this estimator based on Fisher's delta method. In addition, I also have developed a bootstrap method for computing the variances of UMVUE and MLE and the confidence intervals for gene diversity. The proposed estimator and bootstrap method for computing variance and confidence interval does not require knowledge of the inbreeding coefficient. A computer program that performs these computations is available freely from the author at http://www.epigenetic. org/Linkage/GENEDIVERSITY. 
